The paper reviews the controversy on the shape of the fcc-based phase diagram near the triple point among the disordered (A1), L1z and L1o phases. The discrepancy was originally between the cluster variation method (CVM) results and Monte Carlo (MC) simulation results, but the controversy developed into how to interpret MC results. The paper examines historically how the controversy started, how it developed, and how it is being solved. The key point is that the MC treatment allows antiphase boundaries (APB) to appear in the simulation, and APB's make the interpretation of the results difficult. The CVM is straightforward since it presupposes the stability of the ordered phase being treated, but can miss important physics unless it is used cautiously. § 1. Introduction
However, the real potentiality of the CVM was only demonstrated when it was applied to the order-disorder phase diagram of fcc-based alloys. It was almost simultaneously done by Golosov et al. 4 > and van Baal, 5 > followed by Kikuchi 6 > and de Fontaine-Kikuchi.7),s) The experimental data of the Cu-Au system are shown in Hansen's book 9 > as in Fig. 1 . A theoretical calculation using the B-W method done by Shockley 10 > led to the curves in Fig. 2 , which are topologically different from the experimental data in Fig. 1 . When a pair of lattice points or a triangle is used as the basic cluster of the CVM, the disordered phase is always more stable than the ordered phase. (What we call the disordered phase and the ordered phase are sometimes called the short-range ordered phase and the long-range ordered phase, respectively.) The successful derivation of the order-disorder phase diagram which shows similar topology as the experiments was achieved for the first time in Refs. 4) -----8) when a tetrahedron was used as the basic cluster of the CVM. The theoretical results due to de Fontaine and Kikuchi The reason why we need the tetrahedron as the basic cluster lies in the geometry of .. vr ~ A~ A~ 71 0 the ordered phase in the fcc lattice. In the ordered phase of the binary A-13 alloy, an A-B pair is more stable than an A-A or a B-B. The fcc structure contains equilateral tetrahedron made of nearest-neighboring (n. n.) bonds. When an A atom is at a vertex of a tetrahedron, B atoms want to come to other vertices in order to form stable A-B bonds. However, this arrangement of B atoms nece$sarily create B-B bonds and hence the purpose of lowering the energy is partly cancelled. This effect among n. n. lattice points is called the frustration effect. Because of the frustration effect, unless the correlation among lattice points of a tetrahedron is taken into account, the theory is insufficient. The effect is discussed in detail by Kikuchi and Sa to, ll) and is the reason why the "point" (i.e., the B-W treatment), the "pair" and the "triangle" are not sufficient as the basic cluster of the CVM in treating the ordered phase of fcc.
When an approach in physics looks successful, it is always reexamined using the same or different approach. This is exactly what Binder 12 l did. He calculated the fcc A-B ordered alloy phase diagram using the Monte Carlo (MC) simulation for the n. n. interaction case, and obtained the points marked by open circles in Fig. 4 . The CVM tetrahedron treatment for the n. n. interaction is shown by the broken curves marked by T. Figure 4 shows clearly that the region between A3B and AB phases behaves differently in the CVM and the MC treatments. (These two ordered structures are also designated as the Llz and Llo phases). The junction (which may be called the triple point, for short) of the disordered phase-A3B phase-AB phase is at a finite temperature in the CV:M while it goes down to T=O by Binder's MC method. Which is correct, and why? Thus the question started. § 2. Development of the controversy Binder's MC calculation was immediately reexamined by·Lebowitz and his group, who confirmed Binder's conclusion. 13 > Alarmed by these developments, the CVM was then reexamined. Sanchez et al. 1 M used a tetrahedron together with an octahedron (T-0) as the basic clusters of the CVM and obtained the results as shown by the solid curve in Fig. 4 . When we compared the T-0 curve with the tetrahedron (T) curve, we saw that the triple point due to the T-0 treatment was lower at about 1.2 than the corresponding point near 1.6 of the tetrahedron treatment. As a rough general rule, the larger the basic cluster of the CVM is chosen, the more accurate numerical results are obtained. Therefore, the comparison of the two CVM curves was interpreted as an indication that when further larger clusters would be chosen, the triple point due to the CVM could go down, with the possibility that eventually it could even reach T = 0.
This conjecture was strengthened by what we see in the binary ordered alloy in tlie two-dimensional triangle lattice. There is a triple point formation among the disorderedAzB-ABz phases at a finite temperature at the equi-composition in the triangle approximation of the CVM as calculated by Burley, 15 > while the exact theory due toW annier 16 > shows that the triple point is at T=O. It is to be noted that the controversial case was when the interaction potentials are assumed only among nearest neighbor pairs. In this case the perfectly ordered A3B phase can have stacking faults without changing the energy but increasing the entropy as was discussed in detail by Kikuchi and Sato. 11 > The stacking faults can be prevented and the A3B phase can be stabilized when a small amount of the second neighbor interaction ( Vz) is brought in. In this sense the case of the n. n. interaction ( V1) only is a singular case There were two sides of the problem, the CVM and the MC, and both sides showed new developments. In the MC side, Gahn's interpretation 18 l was amplified and made more convincing by Inden in his oral presentation. Representing the views of himself, Gahn and Pitsch of Max-Planck-Institut in DUsseldorf, Inden 20 l reported that for the Vz=O case, for a certain range of temperature and composition, the MC computation shows antiphase boundaries (APE) which come and go and fluctuate. When the system has an APE in it, if the variables are simply averaged over the entire system, the long-range order parameter vanishes. Inden pointed out that it is m·ore accurate, as a description of what the MC is calculating, to distinguish the ordered state with fluctuating APE's from the homogeneous disordered state of high temperatures. This view has been written in two papers recently, one by Inden and his collaborators 21 l and the other by Gahn.
l
The phase diagrams drawn by them are reproduced in Figs. 6 and 7 .
Although the MC calculations, by nature, cannot give precise values of the phase boundaries, Inden 21 l can distinguish three temperature ranges in Fig. 6. (1) For low temperatures, the A3E and AE phases coexist without the disordered phase intervening. In the CVM side, the calculation · by Sanchez and de Fontaine 14 > using the tetrahedron and octahedron as the basic clusters was reexamined by Finel and Ducastelle. 
1. support the previous conjecture that the improved treatment of the CVM would make the triple point go down to T=O. § 4. The CVM and the MC When we look back at what we examined in previous sections, one of the conspicuous differences between the CVM and the MC is that in the latter the antiphase boundaries appear while they do not in the CVM. Because APB's do not appear in the CVM computation, identification of the phase is much straightforward in the CVM. The APB's indicate basic differences of the two treatments.
In the CVM treatment, the sublattice structure of the ordered crystal is assigned beforehand. For example the A3B structure calculation does not allow the APB to appear in the system. (This does not mean that the CVM cannot calculate APB's. The structure around an APB was calculated in the A3B phase by Kikuchi and Cahn. 25 > In such a treatment, both sides of the APB have different sublattice assignments as the boundary conditions.) On the other hand, the MC treatment does not make such a preassignment. Therefore, if APB's are to be avoided in the MC, a small amount of the second neighbor interaction, for example, is needed to stabilize the A3B phase, and to destabilize the APB's.
It is not a right question to ask which of the CVM and the MC method is better. The important point is to realize that the two approaches use different prerequisites to build their methods on. The CVM may seem more straightforward in calculating the phase diagram theoretically. However the intrinsic assumption of the stability o:f the sublattice structure being treated may miss important physics in the problem. For example, the APB difficulties discovered by Gahn and Inden in the MC treatment suggest that in the real Cu-Au system a mechanism must be working which stabilizes the A3B phase against the APB's. It is most likely that some amount of the second neighbor interaction is contributing to the stability.
Can we say that the controversy has been solved? From the author's point of view, the fluctuating APB concept is the main ingredient of the solution. Based on the recent MC results in Figs. 6, 7 and 8, we can definitely say that the disordered phase does not come down to the T = 0 near x s = 0.4 contrary to the claim of Binder 12 > and others. 13 > One remaining issue, however, is the discrepancy between the triple point temperature values of the CVM and of the MC. The CVM seems to converge to the value of Ttr= 1.5 while the MC to 1.0, or to a slightly higher value. This difference may not be dismissed as numerical errors, and may indicate a further significant difference between the CVM and MC treatments.
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